


Fourier Analysis April 11
, 2024

Review.

Application 2 : Steady state heat equation
-

on the upper half plane.

entioninminution
(#) S= O,YER
,

Set

Pg() = + tyr , x-
,
470

.

By the method of Fourier transform ,

we derived that

(, y) = f * Py)
, (x , 4) ERXA+

is a formal solution of ().

Next we will conduct a theoretic check
.



hm. Let feS() . Let

U , y) = f* Py) , Xe, yo.
Then U satisfies the following :

① UE (RXR+ ) and U = 0

② H(x , y) =>> f(x) as y + 0

③ 500 / Uy) - fxPdx -> 0 as y> 0

① U(x , y) -> 0 as IX +y -> N,

I' vanishes at 5 "I

Pf . Here we only prove

We will show that I >0 such that

U , 31 = SCSArty*
for all XE, y > 0



To this end
,
recall that

Py(x) = + y2
& *·

Henr

If* Py(1) = (of(x- t)/(Py(t))d +
- S40(f(x- t)) # 5) d +

=Fij · S% If (x/dx

-
C

J

To see the other part,

Notice that

f y()
= Sof(x-t) By(t) de
= S + S f(x-t)Gy(t)dt
Hi

E (1) + (11)



Then

(E) S 1 f(x -t)) Py(t)dt
|t/Y
((x-t)= )

S Py(t)dt

So Pyt
-

= I

R :

IEL= Ifx-ty · ↑***
It/=

=
· SoH(At
lin

#



↑

Thm2 (Uniqueness
Let U C

>

(IRx R+) C(EXR+ )
.

suppose u satisfies that

U = 0 on RXR+

S U(X, 0) = 0 on I

Moreover suppose that H( , 3) -> 0 as +Y -> 0.

Then U(X ,y) = 0 on RXIR+.

Remark : The condition thatU "vanishes" at infinity
can not be dropped.

For instance
,
let 4 ( , y) = Y. Then

u=0 and U(X, 0 = 0 ·



Lemmus (Mean value property of harmonic function).
Leta be an open set of R2. Let UE((-)

and suppose U = 0 on&. Suppose

Br (X0, Yo) - & Where

BR(x0, 30) = <(x , 3) EIR
:

= (X - X0)2+ (3-%03R2)

-aOe
Then >> R

,

U(0, 30)
= Uotcos , Yotrsino) do

Below we prove
Thm2 by assuming Lemma s. The proof

of Lemma 3 will be postponed until next class .



Proof of Thm 1.

We use contradiction.

Suppose on the contrary that O.

Then (X0 , Yo)E RXIR+ such that

U(X0 , Yo) # O.

WLOG
,
we assume that U(Xo , Yo) > 0

otherwise , we may consider = 2)

Since U vanishes at infinity
,

we can

find a large R30 such that

H(x , Y) < EU (O , Yo)

1
fpr//al, ( , 3) = ((Rx1R+)(BR(0, 0

& N & R /

-

I7OI -
· , .&
·

IE Y · Xo
, Yo)

- Il
I

-=
-

100)



Notice that U iscts on

Br(0, 0)1XR+ (closed , bdd)

SoIt attains its maximum

on BR10 ,07 * at some (x1
, Yi)

i . e.

H(x , y) = Sup U(X , y)

(X , y)

E Bp(0, 0) R+

Since U(X ,31 90)
,
(1
, 91) for (IDEXR+)Br(, 0) ,

it follows that

U(x , y1) = sup U(x , 3) ·
-

(X ,3) -> IRXIR+



By the mean value property , for each

0 < U < Y ,

U(x , y1) = 2 S
*

U(x, + rcoso , y ,+usino)
dO

=> U(X ,trcoso , y , + rsino) = U(, Y1)

OcVaY
,-

Letting > y
,

U(X 1, 0) = lim U(X, Y , V)
r= y

,

= U(x ,, Y , ) >0 ,

Contradiction. I


